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Spatial and Temporal Excitation
to Generate Traveling Waves in
Structures
The problem in the creation of traveling waves is approached here from an unconven-
tional angle. The formulation makes use of normal vibration modes, which are standing
waves, to express both traveling waves and the required force distribution. It is shown
that a localized force is required at any discontinuity along the structure to absorb
reflected waves. This convention is demonstrated for one- and two-dimensional structures
modeled as continua, and as discretized numerical approximation of the mass and stiff-
ness matrices. Harmonic vibrations can be characterized as standing or traveling waves
or as a combination of both. By applying forces that have been specially designed for the
purpose, the vibratory response can become a pure traveling wave. The force distribution
is important for the design of ultrasonic motors and in control applications, attempting to
absorb and create outgoing and incoming waves. �DOI: 10.1115/1.3176999�
Introduction
Pure traveling vibration waves are seldom observed on passive

nite structures �1�. Traveling deformation waves create propul-
ion, e.g., ultrasonic motors �2�; squeeze-film levitation and trans-
ortation devices �3�, where a traveling pressure wave carries a
evitated object in the direction the wave progresses; and in robot-
cs where a snakelike structure exhibits traveling wave move-

ents to create propulsion, steering and maneuvering in a viscous
uid environment �4�. Traveling wave type of modeling can be
sed for closed loop control and modeling �5�. Common methods
or generating traveling waves in structures are the two-mode ex-
itation �2�, where two modes having close natural frequencies
an be combined to form an approximate traveling wave. A dif-
erent approach, the “active-sink” method �6�, employs two actua-
ors that are being used to simultaneously excite and absorb the
raveling wave, thus preventing reflection from the boundaries of
he structure. Waves at steady-state have been used to actively
amp vibrations in flexible structures �7�. In Refs. �5,8�, a travel-
ng wave approach was used for closed loop position control.

In this work, one-dimensional structures such as strings and
eams, and two-dimensional membranes are considered. The gen-
ration of traveling waves in strings and beams was implemented
ith the active-sink method �6,9,10�. In 2D, the two-modes exci-

ation approach has been employed in Ref. �11�.
The methods above constrain the actuators to be located at the

tructure boundaries. This seems reasonable from the perspective
f achieving matched impedances at the boundaries, but no math-
matical proof has been presented so far to justify this choice. The
resent work does not assume any prior knowledge on the spatial
istribution of external loads. Rather, it formulates a mathematical
roblem whose solution determines the force deployment under
hich a traveling wave is formed. A modal approach, which uses

he normal modes—i.e., standing waves, is being used to repre-
ent the traveling waves. The obtained results support, in several
ases, the common practice that forces should act at the bound-
ries. These results are extended to more complicated cases. An
xtension to the case where a discontinuity is present shows that
dditional forces are required. Some cases are demonstrated nu-
erically via finite element models and by using matrix algebra.
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Working with waves and vibrations, it is necessary to decom-
pose the motion into the traveling and standing components. Sev-
eral methods have been proposed for this purpose, fitting the mea-
sured complex amplitude by an ellipse performs this task in one-
dimensional structure �12�, another method uses the proper
orthogonal decomposition �POD� �13�, and finally, an approxima-
tion of the power-flow may also be used for this purpose �14�.

The paper initially develops the proposed method analytically
for a taut string, and investigates the results. Then, the method is
expanded for a general discrete system. Next, several cases of one
and two-dimensional structures are studied.

2 Computing the Required Force Distribution to Cre-
ate Traveling Waves in a Taut String

Many vibration problems are being solved when the spatial
force distribution is known; the problem at hand is different from
this perspective. In order to create a specific spatial and temporal
behavior, forces may be required at every point along the struc-
ture. The question being answered here, analytically, refers to the
required force deployment for the creation of traveling waves that
move at their characteristic speed while being driven at a single
frequency. In this section, the distribution of external forces that
generate traveling waves with a given wavelength is found. The
force and response distributions are described in terms of a sum-
mation of the natural modes and the contribution of each mode to
the response, and later to the force distributions are derived. First,
the question of how should the forces be distributed along the
structure is being answered.

2.1 Calculating the Required Excitation Using an Infinite
Modal Summation: An Analytical Solution. Considering a taut
string, with length L, cross section area A, and density �. The
string experiences a constant tension force T, and it is subjected to
a body force f�x , t�. Its deflection is denoted by u�x , t� and the
equation of motion is described by the one-dimensional forced
wave equation �15�,

�A
�2u

�t2 − T
�2u

�x2 = f�x,t� �1�

Additionally, the wave velocity is defined as follows:

c =� T
�2�
�A
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t is possible to define nondimensional coordinates � ,� via

� =
x

L
, � =

c

L
t �3�

ith this transformation, Eq. �1� becomes nondimensional, i.e.,

�2u

��2 −
�2u

��2 = f̃��,�� �4�

here

f̃��,�� =
L

T
f�x,t� �5�

sing Eq. �4�, the nondimensional wave velocity becomes unity.
he normal modes of the string can be described by �15�

�n��� = Cn�e−i�n� + ei�n�� + iDn�e−i�n� − ei�n�� �6�

here

�n =
�n

c
�7�

he natural frequencies, �n, depend on the boundary conditions.
general solution of Eq. �4� can be expressed as an infinite sum-
ation of modes:

umodes = �
n=1

�

�n����n��� �8�

here �n��� are the modal coordinates.
In order to impose a traveling wave response, one has to select

ither the excitation frequency ���, or the wavenumber �	� that
ictates the wavelength �
�, via

	 =
2�



�9�

he desired response of a pure traveling wave in the positive
irection is given by
btains
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utw��,�� = C0e−i�	�−��� �10�
Next, the traveling wave will be decomposed in terms of the natu-
ral modes.

2.1.1 Describing a Traveling Wave Using a Modal Summa-
tion. In order to describe the desired traveling wave solution in
terms of the string modes, a least-squares error function, J, is
introduced as follows:

J =�
0

1 �utw��,�� − �
n=1

�

�n����n���	2

d� �11�

The modal coordinates that minimize or nullify Eq. �11� are ob-
tained by differentiating with respect to the modal coordinates

�J

��m���
=�

0

1

2�utw��,�� − �
n=1

�

�n����n���	�m���d� = 0

�12�
Rearranging

�
0

1

utw��,���m���d� = �n����
0

1

�
n=1

�

�n����m���d� �13�

Due to the orthogonality of the modes �16�, the integral on the
right hand side of Eq. �13� equals to zero for all n�m. Equation
�13� thus becomes

�
0

1

utw��,���m���d� = �m����
0

1

�m
2 ���d� �14�

The optimal �in the least-squares sense� modal coordinates �m,
describing the modal representation of the desired traveling wave,
can be found from

���� =

0

1utw��,���m���d�


0
1�m

2 ���d�
�15�

It is now possible to obtain an expression for the modal coordi-
nates when the response is a traveling wave �the one shown in Eq.
�10��:
�n��� =
4C0�ne2i�n��cos��n�e−i	 − 1��i	Cn + �nDn� + i sin��n�e−i	�i�nCn + 	Dn��ei��

�	2 − �n
2��4�CnDn + �n�Cn

2 + Dn
2��e2i�n − CnDn�2 + e4i�n� + i�Cn

2 − Dn
2��1 − e4i�n��

�16�
learly many, if not all the modes, that are in fact standing waves,
articipate in creating the traveling wave. The role of the different
odes will be investigated below.

2.1.2 Calculating the Necessary Forces. Now, the external

orces, f̃�� ,��, that would create the traveling wave utw�� ,�� can
e found. The forces can be described as a weighted sum of modal
ectors �functions�, since the modal functions create a complete
asis as follows:

f��,�� = �
n=1

�

�n����n��� �17�

y calculating the coefficients, �n���, the force distribution can be
btained. Substituting the traveling wave solution in Eq. �10� and
he force in Eq. �17� into the equation of motion �Eq. �1��, one
�
n=1

�

�n����̈n��� − �
n=1

�
d2

d�2�n����n��� = �
n=1

�

�n����n��� �18�

Building another least-squares type of error function:

JF =�
0

1 ��
n=1

�

�n����̈n��� − �
n=1

�
d2

d�2�n����n���

− �
n=1

�

�n����n���	2

dx �19�

and finding the coefficients that minimize JF �by differentiating it

with respect to �m�:
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�JF

��m
=�

0

1

2��
n=1

�

�n����̈n��� − �
n=1

�
d2

d�2�n����n���

− �
n=1

�

�n����n���	�m���d� = 0 �20�

nce again, using the orthogonality of the modes, one obtains

�m����
0

1

�m
2 d� = �̈m����

0

1

�m
2 d� − �m����

0

1

�m
d2

d�2�m���d�

�21�
t proves helpful to use the fact that the mode shapes comply with
17�:

d2�m

d�2 = − �m
2 �m

�22�

�1

�m
d2�m

d�2 d� = − �m
2�1

�m
2 d�
0 0

escribed by a modal summation:
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Substituting Eq. �22� into Eq. �21�, and using the fact that �̈m���
=−�2�m���, the coefficients �m��� become

�m��� = ��m
2 − �2��m��� �23�

Finally, substituting the modal coordinates in Eq. �15� into Eq.
�23�, one obtains

�m��� = ��m
2 − �2�


0
1utw��,���m���d�


0
1�m

2 ���d�
�24�

Equation �24� provides a closed form expression for the forces
required to create any type of desired response. In the particular
case of a traveling wave, substituting Eq. �16� into Eq. �24�, one

obtains
�n��� =
− 4C0�ne2i�n��cos��n�e−i	 − 1��i	Cn + �nDn� + i sin��n�e−i	�i�nCn + 	Dn��ei��

�4�CnDn + �n�Cn
2 + Dn

2��e2i�n − CnDn�2 + e4i�n� + i�Cn
2 − Dn

2��1 − e4i�n��
�25�
aving found the required force, it is now possible to calculate the
xternal force’s distribution. This is carried out below for several
ases.

2.2 Analytical Solution of the Required Forces for a Free-
ree String. The simplest theoretical example presented here
eals with an unsupported taut string. Such a string has natural
requencies equal to

�n = n�, n = 0,1,2, . . .

nd eigenfunctions �modes�

�n��� = e−i�n� + ei�n�, n = 0,1,2, . . . �26�
he string’s response is described as a modal summation �includ-

ng the rigid body mode�:

ũ��,�� = �
n=0

�

�n����n��� �27�

ubstituting Eqs. �10� and �26� into Eq. �15�, the modal coordi-
ates are obtained as follows:

�n��� =
i	

	2 − n2�2 �− 1 + �− 1�ne−i	�ei�� �28�

he distributed force that needs to be applied to the string is also
f̃��,�� = �0����o��� + �
n=1

�

�n����n��� �29�

The component �0�0 represents a constant force arising due to the
free boundary conditions. Using Eq. �23�, the modal force’s coef-
ficients −�n��� can be computed as follows:

�n��� = �n2�2 − 	2��n��� = i	�1 − �− 1�ne−i	�ei�� �30�
Substituting Eq. �30� and the modes �Eq. �26�� into Eq. �29�, a
seemingly complicated expression is found as follows:

f̃��,�� = �0�0 + i	ei���
n=1

�

�1 − �− 1�ne−i	��e−i�n� + ei�n��

= �0�0 + i	ei����
n=1

�

�e−i�n� + ei�n��

− e−i	�
n=1

�

�− 1�n�e−i�n� + ei�n��� �31�

This expression, once simplified, provides an insight into the gen-
eral shape of the solution. Below, some mathematical simplifica-
tions are employed to produce this insight.

Handling the �−1�n expression in Eq. �31� by separating it into

the sum of even n’s �n=2m� and odd n’s �n=2p−1�:
�32�
MARCH 2010, Vol. 77 / 021010-3
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orking on each of the sums by itself, and using the identity �18�:

�
n=−�

�

e2�niy = �
n=−�

�


�y − n� �33�

here 
�y� is the Dirac delta function, simplifying the sums

1 ,S2 ,S3 as follows:

S1 = �
n=1

�

�e−i�n� + ei�n�� = − 2 + �
n=−�

�

ein�� = − 2 + �
n=−�

�


�� − 2n�

�34�

S2 = �
m=1

�

�e−i�2m� + ei�2m�� = − 2 + �
m=−�

�

ei2�m� = − 2 + �
m=−�

�


�� − m�

�35�

S3 = �
p=1

�

�e−i��2p−1�� + ei��2p−1��� = �
p=−�

�

ei��2p−1��

= �
p=−�

�


�� −
2p2

2p − 1
	 �36�

ow, since �� �0,1�, the expressions for S1 ,S2 ,S3 inside the do-
ain degenerate into

S1 = − 2 + 
���

S2 = − 2 + 
��� + 
�� − 1� �37�

S3 = 
���

nd the rigid body mode’s contribution is

�0�0 = 2i	�1 − e−i	�ei�� �38�

ubstituting Eqs. �37� and �38� into Eq. �32� one finally obtains

f̃��,�� = �0�0 + i	ei���− 2 + 
��� − e−i	�− 2 + 
��� + 
�� − 1��

+ e−i	
���� = i	ei�t�
��� − e−i	
�� − 1�� �39�

quation �39� shows that only two point forces need to be applied
o create a traveling wave on a uniform string. These forces are
ocated at the edges of the string. Mathematically, the force dis-
ribution, in space and time, can be expressed as

f��,�� = F1
���ei�� + F2
�� − 1�ei�� �40�

fter it has been established mathematically that the forces should
e applied only to the edges, it is possible to calculate the mag-
itude of these forces for a desired traveling wave in a direct
anner, using the active-sink method �6�, such a solution is de-

ailed in Ref. �9�. Here, only the final result is provided for
omparison.

The forces applied to the string’s edges �f1��� , f2���� can be
xpressed as boundary conditions

�2u

��2 −
�2u

��2 = 0


 �u

��



�=0

= − f1ei�� �41�


 �u

��



�=1

= f2ei��

mposing a pure traveling wave solution as was carried out in Ref.
9� �e.g., substitute Eq. �10� into Eq. �41��, the ratio between the

orces f1 , f2 can be calculated �9� as follows:

21010-4 / Vol. 77, MARCH 2010
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f2

f1
= − e−i	 �42�

Indeed, this result is identical to what was obtained in Eq. �39�.

2.2.1 Exciting Traveling Waves at Resonance. It is well known
that when a structure is excited sinusoidally close to resonance,
the prevailing response consists of a standing wave that is propor-
tional to the corresponding eigenfunction. Exciting a model with-
out damping of such a structure, at one of its natural frequencies,
results in an unbounded solution. The question arises, what hap-
pens when one tries to generate a traveling wave close to a natural
frequency? With the absence of damping in the model, it is pos-
sible to check the solution by producing a slightly detuned natural
wavenumber �or natural frequency�:

	 = �n + � �43�

The nth mode’s amplitude, �n, is the one expected to become
unbounded since it has the term �	−�n� in its denominator. Sub-
stituting the detuned wavenumber from Eq. �43� into �n and ex-
panding to a Taylor series around �=0 reveals the fact that

�n = const + O��� �44�
This means that a traveling wave in the vicinity of a natural fre-
quency has finite amplitude. Despite the high compliance of the
structure at this frequency, much of the energy that is pumped in
by the actuation is carried away by the traveling wave itself and
being sucked out by the applied forces at the appropriate location.

It can be concluded that suitable boundary control can poten-
tially alleviate resonance problems by absorbing the, otherwise
circulating, energy.

3 Computing the Required Force Distribution to Cre-
ate Traveling Waves in Discrete Systems

The method which was demonstrated on continuous structures
in Sec. 2 can be expanded to deal with general discrete dynamical
systems having inertia and stiffness matrices M ,K, respectively,
and where a generalized vector of forces F act on this structure.
Such a system is described by a second order vector equation of
motion having N degrees of freedom contained in q�t�,

Mq̈ + Kq = F �45�

Solving the generalized eigenvalues problem of K ,M, the normal
modes, �n, and natural frequencies, �n, of the system are calcu-
lated and assembled into the modal matrix, �,

� = ��1 ��2� ¯ ��N � �46�

and into a diagonal matrix �:

� = ��1
2

�

�N
2 � = ��TM��−1��TK�� �47�

3.1 Calculating the Modal Coordinates. The response of the
system may be described as a modal summation:

q�t� = �
n=1

N

�n�x��n�t� = �� �48�

where �n are the modal coordinates and

� = ��1�t� �2�t� ¯ �N�t� �T �49�

Denoting the desired traveling wave solution as qtw�x , t�, it can be
expressed as a combination of the system modes,

qtw�x,t� = ��tw �50�

where �tw is a vector of the modal coordinates describing the
desired response. Since the modal matrix � is bi-orthogonal with

−1
respect to M it is possible to calculate � as follows:
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�−1 = ��TM��−1�TM �51�

his allows one to calculate �tw in Eq. �50�,

�tw�t� = ��TM��−1��TMqtw� �52�
he expression obtained in Eq. �52� is the discrete version of the
xpression that was developed for the continuous systems in Sec.
.1 �Eq. �15��.

3.2 Calculating the Required Forces. The normal modes,
n, span RN, thus, F can be expressed as �19,20�

F = M���t� �53�
here

��t� = ��1�t� �2�t� ¯ �N�t� �T

nd �n�t� are the coefficients of the modal forces �20�. Substitut-
ng Eqs. �50�–�53� into Eq. �45� and left multiplying by �T,

�TM��̈tw + �TK��tw = �TM���t� �54�

eft multiplying Eq. �54� by the expression ��TM��−1, Eq. �54�
ecomes

�̈tw�t� + ��tw�t� = ��t� �55�

ince �̈tw=−�2�tw, the coefficients can be calculated via

��t� = �� − I�2��tw�t�
�56�

�n�t� = ��n
2 − �2��tw,n�t�

ubstituting Eq. �56� into Eq. �53�, the forces can be calculated as
ollows:

F�t� = M��� − I�2��tw�t� = M��� − I�2���TM��−1��TMqtw�
�57�

he expression obtained in Eq. �57� is the discrete equivalent of
q. �24� calculated in Sec. 2.1. Using Eq. �57�, the forces that
enerate a traveling wave can be computed. The magnitude and
hase shift of all forces that should be applied to the structure
epend on the desired response, as evident in Eq. �57�. Also, the
xpression given in Eq. �52� shows the participation level of each
ode in forming the traveling wave. Using these expressions, the

istribution and time variation in the forces can be computed. The
ewly introduced equations are employed in several cases to shed
ome light on the physical meaning of the results.

3.3 Using Partial Modal Summation. Sometimes, only a
imited number of modes is known. This is especially true for very
arge models, or for models obtained from measurements. More-
ver, the modes whose corresponding natural frequency is close to
he excitation frequency carry much more power than far away

odes. Thus, there is a group of modes that dominates the struc-
ure’s response. A truncated modal matrix built from a group of
he relevant modes, �, and � composed only from the relevant
igenfrequencies can thus be used instead of the full modal matrix
n Eqs. �52� and �57� in order to calculate the required forces:

�tw�t� = ��TM��−1��TMqtw�
�58�

F�t� = M���̄ − I�2���TM��−1��TMqtw�
he forces calculated in Eq. �58� are designed to excite only the
elected modes in �. This means that a response composed from
ewer modes can describe a pseudo-traveling-wave response and
ay be considered as an extension of the two-mode excitation
ethod �2�.

Case Studies
This section studies the results of the presented method by cal-

ulating the excitation required to obtain traveling waves in com-

on structures. A beam is used to study one-dimensional waves
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and a membrane is being used for the two-dimensional case. The
role of evanescent waves in the beam and the ability to control
their effect is also studied.

4.1 Creating Waves in an Euler–Bernoulli Beam. Consid-
ering an Euler–Bernoulli beam, having � ,A ,E , I that are density,
cross area section, module of elasticity, and moment of inertia,
respectively. The beam’s deflection is w�x , t�, and both external
forces f�x , t� and external moments m�x , t� may be applied to this
model. The equation of motion is �21�:

�A
�2w

�t2 + EI
�4w

�x4 = f�x,t� −
�m�x,t�

�x
�59�

It is possible to find the forces that excite any combination of
traveling and standing waves, in the same manner it was shown in
Sec. 2. A complete solution of the beam vibrations contains also
evanescent waves, thus,

w�x,t� = �C1e−i	x + C2ei	x + C3e−	x + C4e	x�ei�t �60�

The relationship between the excitation frequency � and the ob-
tained wavenumber 	 is �15�

	 =��
EI

�A
�61�

Here, to overcome the analytical obscurity of the lengthy expres-
sions, the beam is modeled using finite elements �FE�, and a dis-
crete model �such as given in Eq. �45�� is being employed.

The generalized coordinates of this model contain both the de-
flection and the bending angle of each node �22�. Thus, it is pos-
sible to apply both a point force and pure moment to each node
independently. Using the results of Sec. 3, and simulating an FE
model of a beam, it is possible to calculate the forces which excite
a pure traveling wave in the beam.

For the simulation, a steel beam ��=7800 kg /m3, E
=210 GPa� of length L=1 m having cross area section A
=3.0784�10−6 m2 and moment of inertia I=6.9367�10−14 m4,
is modeled. The beam is held by flexible supports at both ends.
Using Eq. �52�, where qtw is formed to describe a pure traveling
wave, the modal coordinates �n�t� are calculated.

In Fig. 1, the amplitude of the modal coordinates ���n�� is
shown for two different sets of qtw having different wavelengths.
It is seen that a group of modes having a natural frequency close
to the excitation frequency have the largest contribution. Looking
over the expression for �, obtained analytically for the string in
Sec. 2.1.1, which ought to have a similar structure for a beam,
either the term �	2−�n

2� or ��2−�n
2� appears in the denominator.

This means that wavelengths that are close to the natural wave-
lengths of the modes have higher gain.

Using Eq. �57�, the force distribution needed to be applied to
the beam is calculated. It is revealed that both forces and moments
must be applied to the beam to achieve a desired traveling wave
response as was previously reported in Refs. �9,10�. The left part
of Fig. 2 shows the forces and moments that should be applied to
the beam to create a desired traveling wave when considering all
of the modes of the structure. It can be seen that the result indeed
sums up to localized forces and moments at the edges of the
beam. Also, the results show that the amplitude of the forces and
moments on one end are identical to the forces and moments at
the other end of the beam. This is so since the boundary condi-
tions being used in this simulation are identical �9�. This result
also explains the fact that a pure traveling wave response of a
beam cannot be achieved by applying only forces. Therefore mo-
ments are required to accommodate the evanescent waves �9�.
This result can explain why two closely spaced forces should be
placed at the absorbing end of a structure when waves should be
completely absorbed �8�.

4.1.1 Using a Subset of the Modes. As shown in Fig. 1, the

contribution of the majority of the modes to the traveling wave
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esponse is insignificant compared with the contribution from
odes whose natural frequencies are close to the excitation fre-

uency. This may tempt the designer to choose a limited set of
odes to perform the required calculations.
The effect of a truncated model is examined with the same

eam example from Sec. 4.1. A traveling wave with wavelength
=0.4 m with a truncated model containing only the first ten
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modes of the beam to calculate the needed forces is simulated.
The right hand side of Fig. 2 shows the resulting force distri-

bution in space and time. It can be seen that rather than a localized
point force and moment at the edge of the beam, spatially distrib-
uted forces and moments along the beam are required in this case.
Figure 3 shows that the evolution of the deformation along the
beam is in fact a traveling wave. It is seen that although the force
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istribution is significantly different from the forces calculated for
he full model �using all of the modes�, the response is still very
lose to a traveling wave.

4.1.2 The Effect of Spatially Selective or Truncated Excitation.
ccasionally, a beam is excited using forces �or moments� alone

for example in Refs. �2,6��. According to the results of Sec. 4.1,
t is not possible to achieve pure traveling waves along the beam
ithout using both forces and moments. Referring to the excita-

ion that achieves the exact solution as the optimal excitation, this
ection investigates the effect of applying a suboptimal excitation.
n order to assess how pure is the obtained wave, it is possible to
nspect the nature of the response in the complex plane �9,10,12�.
n general, the complex response amplitude, along the structure,
races an ellipse, when a single wavelength appears in the re-
ponse. The closer the response is to a traveling wave, the more it
esembles a circle. Alternatively, when the response becomes a
tanding wave, the ellipse becomes elongated until it approaches a
traight line.

In order to evaluate the contribution of the moments to the
urity of the traveling waves, Eq. �58� has been employed, but
nly the linear forces were considered in the simulation �the mo-
ents were forced to be zero�. With only point forces acting on

he structure, the beam’s response was computed. As expected, the
eam’s response is not a pure traveling wave, but a mixture of
raveling and standing waves. Figure 4 compares the beam’s re-
ponse to the optimal excitation �i.e., forces and moments� with
he response to forces only. While the complex amplitude of the
esponse to the optimal excitation falls on a perfect circle in the
omplex plane, the response to the reduced excitation traces a part
hat resembles an ellipse in the center of the beam and a much
onger wavelength �12� close to the edges of the beam. Indeed, the
esponse closer to the beam’s edges is related to the evanescent
aves’ part of the beam’s forced response. Without applying the
oments to the beam, these evanescent waves do not vanish. Evi-

ently, the forces can still be tuned to achieve a better approxima-
ion of a traveling wave at the center of the beam �9,10�. Never-
heless, the evanescent part, close to the edge, cannot be dealt
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Fig. 3 Illustration of the beam response
ten modes to describe the desired travel
ithout using the optimal excitation that includes moments.
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4.2 Creating Waves in a Membrane. A membrane can be
considered as a two-dimensional string and therefore, evanescent
waves do not appear in this structure. A thin rectangular mem-
brane with dimensions L1�L2 and density per unit thickness � is
stretched by a uniform tension per unit length T. The equation of
motion is described by the two-dimensional wave equation �23�:

T� �2u

�x2 +
�2u

�y2	 − �
�2u

�t2 = f�x,y,t� �62�

The membrane is modeled by an FE model having mass and stiff-
ness matrices M ,K, respectively �22�. The external forces F are
applied to the nodes, and qn is the deflection of the nth node
located at �xn ,yn�. A two-dimensional pure traveling wave in the
membrane has the form,

utw�x,y,t� = C0e−i�	xx+	yy�ei�t �63�

Rather than a single wavenumber, the wave is described here by a
wave vector, � as follows:

� = �	x

	y
� �64�

The two-dimensional wave has a wavelength 
=2� / ���, and it
travels in a direction �, which is determined by the angle �relative
to the x-axis�:

� = tan−1�	y

	x
	 �65�

4.2.1 Describing Planar Traveling Waves Using the Modes of
the Membrane. Membrane and plate modes are usually denoted by
two indices indicating the two directions in plane, i.e., �mn �23�.
Figure 5 shows the nine initial modes of an example membrane,
calculated from its FE model. Choosing a desired traveling wave
response �i.e., wavelength and direction of travel in plane�, the
modal coefficients may be calculated using Eq. �52�. The modal
coefficients are presented on the �m ,n� plane in Fig. 6 for several
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wavelengths and wave directions. It is possible to see that differ-
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nt modes become significant for different wavelengths. More-
ver, a different group of modes can become significant when the
irection of the wave’s propagation is changed since the effective
avelength of each mode changes with the observation angle in

he x-y plane.

4.2.2 Visualizing Planar Vibrations and Waves Using
ower-Flow. Inspecting planar vibrations of a two-dimensional
tructure and being able to quantify how close are the vibrations
o a traveling wave is not a straight forward task in this case. One
ossible way to illustrate traveling waves is to use animation; this
s unusable when showing static images. A different way to illus-
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Fig. 4 Beam’s spatial response „a… and
numbers indicate the measured points an
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ig. 5 Nine initial modes of the membrane in the example: „a…
11, „b… �21, „c… �31, „d… �12, „e… �22, „f… �14, „g… �32, „h… �13, and
i… �41
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trate a propagating phenomenon is to present the power-flow of
the vibrations. Waves carry energy in the direction of the propa-
gation �14,24�. The closer the vibrations are to a pure propagating
wave, the more power flows with the wave. On the other hand, the
mean power-flow per period is zero when the wave is standing. In
the general case, power flows in all directions and in different
amounts. In this work, the results of the two-dimensional waves
are presented by using the mean power-flow per period of the
generated structural vibrations.

4.2.3 Solving the FE Model. Setting the desired traveling
wave’s parameters for Eq. �63� and using the membrane’s FE
model, the forces needed to be applied to the membrane are cal-
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Fig. 6 Modal coefficients for different wavelengths and wave
directions: „a… �=0.4 �=25 deg, „b… �=0.4 �=50 deg, „c… �
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d t
to
=0.2 �=35 deg, and „d… �=0.7 �=75 deg
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ulated �using Eq. �57��. The resulting force shape appears to be
he extension of the string/beam results. The results show that
orces need only to be applied along the edges of the membrane in
rder to generate a desired traveling wave. Figure 7 shows the
esulting force distribution and the membrane’s response for two
ifferent wavelengths and direction of propagation. The response
ower-flow has a single direction and uniform intensity, indicating
hat indeed the generated response is a traveling wave. The forces
long the edges follow a pattern of a propagating wave along each
dge.

Selecting the ten most significant modes of the membrane from
ig. 6�a�, the response and the required forces are calculated. The
alculated response and the force distribution are shown in Figs. 8
nd 9. Comparing the membrane’s response with the response
hown in Fig. 7�a�, it is possible to see that in a large region on the
enter of the membrane the response is close to a pure traveling
ave �most of the power flows in a single direction�, while the

dges of the membrane are vibrating in standing wave pattern.
learly, the truncated model leads to the conclusion that the forces
ust be applied along the entire structure and not only at the

dges of the membrane.

4.2.4 Comparing With a Direct Analytical Solution. Knowing
he fact that forces must be applied only along the edges of the

embrane, in order to excite a desired traveling wave, the relative
ime variation in these forces can be computed analytically. The
resented method is an extension of the active-sink method �6,9�
or two-dimensional structures. Incorporating the forces applied to
he membrane at the boundary by imposing suitable boundary

ig. 7 „Top images… Membrane’s vibration and the corre-
ponding mean power-flow „marked by arrows… and the match-
ng force distribution „bottom images…. „a… and „b… �=0.4 �
25 deg, and „c… and „d… �=0.2 �=35 deg.

ig. 8 Membrane response and power-flow obtained by excit-

ng only the ten most significant modes from Fig. 6„a…
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conditions, eliminates the need for right hand terms �forces, e.g.,
Equation �62��. The boundary conditions for a membrane can be
described, in this case, as follows:

T
 �u

�x



x=0

= − f1�y�ei�t, T
 �u

�x



x=L1

= f2�y�ei�t

�66�

T
 �u

�y



y=0

= − f3�x�ei�t, T
 �u

�y



y=L2

= f4�x�ei�t

Substituting the desired traveling wave in Eq. �63� into Eq. �66�
and comparing the coefficients, the forces along the edges are
obtained as follows:

f1�y� = iu0T	xe
−i	yy

f2�y� = − iu0T	xe
−i	xL1e−i	yy

�67�
f3�x� = iu0T	ye

−i	xx

f4�x� = − iu0T	ye
−i	yL2e−i	xx

The solution given in Eq. �67� shows that the forces along the
edges have a pattern of traveling waves where the effective wave-
length along each edge is a projection of the propagating wave.
Clearly, this is identical to the solution obtained by the modal
summation.

4.3 Nonuniform Structures. The modal approach to excite
traveling waves can be applied to complex models of structures
where analytical solutions are much harder to obtain. Two ex-
amples, of one and two-dimensional structures are shown here to
illustrate that even in these cases the proposed method can pro-
duce the required force distribution that gives rise to a specified
response.

4.3.1 A Discontinuous Beam Example. As a one-dimensional
example, a beam having a nonuniform thickness is shown. The
beam has thickness h1 along section of length L1 and then the
thickness changes to h2 for the rest of the beam’s length. Since the
excitation frequency is identical for both beam’s sections, two
different wavenumbers �wavelengths� are expected. One for each
section of the beam—	1 ,
1 and 	2 ,
2, respectively. The ratio
between the wavelengths is:


2


1
=

	1

	2
= �h1

h2
	2

�68�

Building an FE model of a beam, having two sections with two
different thicknesses, the forces needed to generate a desired trav-
eling wave response can be calculated using Eq. �57�. Figure 10

Fig. 9 Force distribution over the membrane calculated to ex-
cite the ten most significant modes from Fig. 6„a…
shows the results of such a calculation and Fig. 11 shows the
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btained response. It is shown that along each section of the beam
he traveling wave has a different wavelength. It turns out that
armonic forces and moments should be applied only to the beam
dges and on the point of discontinuity.

4.3.2 Membrane With a Localized Mass. As an example for a
onuniform two-dimensional structure, a membrane with a local-
zed mass at its center is considered. Once again using a FE

odel, and applying Eq. �57� to calculate the forces for the de-
ired traveling wave response. Figure 12 shows the resulting
orces. It can be seen that similarly to the simple membrane that
as shown before, forces along the edges of the membrane should
e applied. In addition, a point force is applied at the same loca-
ion of the added point mass.

Fig. 10 Force and moment distrib
change in cross section. „Top… for
distribution.
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5 Conclusion
This work uses a linear combination of the natural normal

modes to express the excitation that generates a specified traveling
wave. It is shown that the modal approach, although its elements
are standing waves, can represent traveling waves and thus it is
effective in the process of finding the required force distribution.
The presented method can handle complex structures and numeri-
cal models to calculate the desired excitation that forms pure trav-
eling waves in any direction in space. The results show that the
required excitation is concentrated along the structure’s bound-
aries and at points of discontinuity. When only a few structural
modes are considered, an approximate, nonpure traveling wave
can still be obtained. The results may have a wider scope than for

on along a beam with an abrupt
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he problem of generating traveling wave and may be related to
ther problems such as control and cancelation of vibrations. In
his respect, the theoretical results that were obtained here clearly
elp in designing the preferred positions of actuators in several
ibration control applications.
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